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Abstract 

A promising theory of quaternion- valued functions of one quaternionic 
variable, now called slice regular functions, has been introduced in 
111] , The basic examples of slice regular functions are the power 
series of type X^nsN ^"^n their balls of convergence -6(0, R) = {q £ 
M : \q\ < R}. Conversely, if / is a slice regular function on a domain 
(7 C H then it admits at each point qq G 0, an expansion of type f{q) = 
J2neNil~1o)*^^n where (q — qo)*"' denotes the nth power of g — go with 
respect to an appropriately defined multiplication *. However, the 
information provided by such an expansion is somewhat limited by a 
fact: if qo does not lie on the real axis then the set of convergence of the 
series in the previous equation needs not be a Euclidean neighborhood 
of qo. We are now able to construct a new type of expansion that is not 
affected by this phenomenon: an expansion into series of polynomials 
valid in open subsets of the domain. Along with this construction, we 
present applications to the computation of the multiplicities of zeros 
and of partial derivatives. 



* Partially supported by GNSAGA of the INdAM and by FIRB "Geometria Differenziale 
Complessa e Dinamica Olomorfa" . 
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1 Introduction 

Let EI denote the real algebra of quaternions, that is the vector space 
endowed with the multiplication constructed as follows: if l,i,j,k denotes 
the standard basis, define 

t'=f = e = -l, 

ij = —ji = k,jk = —kj = i,ki = —ik = j, 

let 1 be the neutral element and extend the operation by distributivity and 
linearity to all quaternions q = Xq + Xii + X2j + x^k. The conjugate of such 
a g is defined as g = xq — xii — X2j — xsk, its real and imaginary part as 
Re{q) = Xo and Im{q) = Xii + X2j + x^k, and its modulus as |g| = y/qq = 
>yRe{qy + |/m(g)p. The multiplicative inverse of each g 7^ is computed 
as 

-1 Q 

Much literature has been devoted to the possibility of defining for quater- 
nionic functions a notion of regularity playing the same role as holomorphy 
for complex functions. This is by no means an elementary question, as neatly 
explained in [T^. First of all, let us consider the following fact. 

Theorem 1.1. A function / : HI — ?■ EI zs left q-differentiahle at every g G EI, 
i.e. 

Y,mh-'[f{q + h)-f{q)] 

exists at every q eM, if and only if there exist a, 6 G H such that f{q) = qa+b 
for all g G H. 

A proof can be found in [19]. The class of functions encompassed does 
not grow significantly if we vary the domain of definition or consider the 
analogous notion of right g-differentiability. The next corollary can be easily 
derived. 

Corollary 1.2. The class of functions / : H — )■ EI admitting at every go G EI 
a power series expansion 

neN 

with {an\nm coincides with the class of affine functions f{q) = qa + b with 

a,bem. 
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Once again, the situation changes but httle if we consider an expansion 
of type /(g) = XlneN '^"(^ ~ lo)"' instead. It should be noticed, however, that 
(g — go)"o„ and a„(g — go)" are not the only possible terms of degree n in 
g — go: in fact, in an (associative) non- commutative framework, the generic 
form of such a term is 



We may try to define a notion of analyticity based on series of terms of this 
type, but we are immediately discouraged by the following fact. 

Proposition 1.3. The class of functions / : H — )■ H admitting at every 
go G H an expansion into series of monomials of type coincides with the 
class of functions / : EI — H that are analytic in the four real variables 

Xq, . . . ,X3. 

The proof of the preceding proposition relies upon the fact that if g = 
Xq + ixi + jx2 + kxs, then 

Xo = ^{q- iqi - jqj - kqk), xi = ^(g - iqi + jqj + kqk), 

1 1 
2^2 = 7T(g + iqi - jqj + kqk), = — (g + iqi + jqj - kqk). 

The facts just mentioned encouraged to base the study of quaternionic 
functions on analogs of the Cauchy-Riemann equations rather than on some 
notion of analyticity. The best known of such analogs is due to Fueter [3 E] 
and it gave rise to a renowned function theory on Clifford algebras, for which 
we refer the reader to [1] HI |15] and references therein. Let us also mention 
the work [16j on the specific topic of analyticity in this context. 

A different notion of quaternionic analyticity arose from the theory intro- 
duced by Gentili and Struppa in [10l[TT]. They gave the following definition, 
where § = {gGH: g^ = —1} denotes the 2-sphere of imaginary units. 

Definition 1.4. Let Q be a domain in HI and let f : Q ^ M. be a function. 
For all I E E>, let us denote L/ = M + /M, Qj = Q (1 Lj and fj = f\^^ . 
The function f is called (slice) regular if, for all I E S>, the restriction fj is 
holomorphic, i.e. the function djf : f2/ — )■ EI defined by 



"o(g - go)ai(g -qo) ■■■ an-i(g - qo)an- 



(1) 



) 



fi{x + Iy) 



vanishes identically. 
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The definition immediately implies that any power series f{q) = '^^gn 'f'^n 
defines a regular function on its ball of convergence 

5(0, i?) = {g G H : |g| < i?} 

(a perfect analog of Abel's theorem holds). Moreover, the set of such se- 
ries forms a real algebra when endowed with the usual addition + and the 
multiplication * defined in the following manner: 

J^gX =$^g"5^aA-fc. (2) 

vneN / n.eN fc=0 

In [8], we considered series of the form 

f{q) = Y.^q-qoran (3) 

nGN 

where (g — go)*" = {q — qo)* ■ ■ ■* {.q~ qo) denotes the *-product of n copies of 
q ^ q — q^. We were able to prove that the sets of convergence of such series 
are balls with respect to a distance cr : H x EI M defined in the following 
fashion. 

Definition 1.5. For allp,q G H, we set 

, \ _ \ \q — v\ if p, g lie on the same complex plane L/ ,^ 
y ijj{q^p) otherwise 

where 

uiq,p) = ^J [Re{q) - Re{p)f + [|/m(g)| + \Im{p)\f. (5) 

More precisely, we proved the next theorem. 

Theorem 1.6. If is a domain in W, a function / : — t- HI regular if 
and only if it is cr-analytic, i.e. it admits at every q^ & Vt an expansion of 
type ([3]) that is valid in a a -hall E(go, i?) = {g G HI : cr(g, go) < R}. 

The analogy with the complex case is remarkable, but it should be taken 
into account that the topology induced by a is finer than the Euclidean: if 
qo = XQ + IyQ does not lie on the real axis then for R < 2yQ the cr-ball S(go, R) 
reduces to a (2-dimensional) disk {z E Lj : l-z — go| < R} in the complex plane 
Li through go (see [8j for a detailed account on cx-balls). Hence the series 
expansion ([3]), in general, may not predict the behavior of / in a Euclidean 
neighborhood of go, but only along the complex plane Lj containing go. This 
curious phenomenon is partly explained by the fact that for a generic domain 
f2 in H, a regular function / : — )■ EI needs not be continuous, as shown by 
the next example. 
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S, we can define a regular function f : EI\M — )• 

_r Oifgee\L/ 
~ \ 1 if g G L/ \ M 

However, [3] explained that real differentiability (and other interesting 
properties) are granted if Q is carefully chosen. Firstly, let us consider the 
following class of domains. 

Definition 1.8. Let Q be a domain in H, intersecting the real axis. If, for 
all I E S, Qj = QnLj is a domain in Lj c:^ C then Q is called a slice domain. 

Theorem 1.9 (Identity principle). Let Q be a slice domain and let f,g : 
Q ^ M. be slice regular. Suppose that f and g coincide on a subset C ofQj, 
for some / G S. If C has an accumulation point in Qj, then f = g in Q. 

Secondly, let us consider slice domains having the additional property of 
axial symmetry with respect to the real axis, i.e. those slice domains Q such 
that 

n= y x + yS. 

x+IyeQ 

The word symmetric will refer to this type of symmetry throughout the 
paper. A very peculiar property holds for regular functions / on symmetric 
slice domains: they are affine when restricted to a single 2-sphere x + yS. 
Indeed, the Representation Formula proven in ^ can be restated as follows. 

Theorem 1.10. Let f be a regular function on a symmetric slice domain Q 
and let Xq + y^S C Q. For all q, qo,qi,q2 & + yoS with qi ^ qi 

f{q) = (92 - qi)-' [gi/(gi) - g2/(g2)] + g(g2 - gi)"' [/(g2) - /(gi)] (6) 

and 

fiq) = fiqo) + (g - go)(gi - ga)"' [/(gi) - /(g2)] (7) 

where (ga - gi)"^ [/(g2) - /(gi)] and (gs - gi)"^ [gi/(gi) - g2/(g2)] do not 
depend on the choice ofqi,q2, but only on Xo,?/o- 

As an immediate consequence of theorem I1.10[ if / is a regular function 
on a symmetric slice domains then its values can all be recovered from those 
of one of its restrictions //. This allowed a further study of these functions 
in [3], including the construction of a structure of real algebra for regular 
functions on a symmetric slice domain Q (with the usual addition + and 



Example 1.7. For a fixed I G 
H by setting 

/(g) 

Clearly, f is not continuous. 
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a multiplication * that extends the one defined in equation ([2])) and the 
observation that a regular / on a symmetric slice domain is C°°{Q). This 
last result that has been improved to / G C^{Q) in [13]. This makes it 
reasonable to expect, in the case of symmetric slice domains, a stronger form 
of analyticity than the one presented in theorem 11.61 Finding this stronger 
notion of analyticity is the aim of the present paper, which introduces a new 
type of series expansions and proves their validity in Euchdean open sets. 

We start in section [2] with a regular function / on a symmetric slice 
domain Q, and we construct a formal expansion of the form 

f{q) = - ^o)' + 2/oT[^2n + {q- go)A2n+i] (8) 

neN 

at each point qo = xq + lyo G Q. We then prove what follows. 
Proposition 1.11. Let {a„}„gN C EI and suppose 

limsup|a„|^/" = 1/i? (9) 

for some R > 0. Let = Xq + lyo G EI with Xq G M, ?/o > 0, / G S and 
set P2n{q) = [{q - Xof + y^]" and P2n+i{q) = [{q - 2:0)^ + y^Tiq - qo) for 
all n G N. Then the function series J2neN ^n{q)an converges absolutely and 
uniformly on compact sets in 

Uixo + yoS, R) = {qem:\{q- xq)' + y^o\ < ^'}, (10) 

where it defines a regular function. Furthermore, the series diverges at every 
qem\U{xo + yoS,R). 

In section [3l we obtain estimates for the coefficients of our new formal 
expansion ([8]). More precisely, we prove that for every U = U{xo + yoE>,R) 
such that U G Q, there exists a constant C > such that 

maxg^l/l 
\An\ < C ■ ^„ • 

This result is achieved by means of new integral representations. 

In section H] we define / to be symmetrically analytic if it admits at any 
qo G Q an expansion of type ([8]) valid in a neighborhood of go- We are able 
to prove that regularity is equivalent to symmetric analyticity. 

In sectional we apply the new series expansion to the computation of 
the multiplicities of the zeros of regular functions. Finally, in section 0, we 
apply it to the computation of directional derivatives. 
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Theorem 1.12. Let f be a regular function on a symmetric slice domain 
and let qq = xq + lyo G Q. For all v ^ M., \v\ = 1 the derivative of f along v 
can be computed at go 

f{Qo + tv) - /(go) , , . 

hm = vAi + {qov - vqo}A2. (11) 

We conclude by studying the bearings of this resuh in (real and) complex 
coordinates: it turns out that if we fix go and choose appropriate complex 
coordinates on H, then / is complex differentiable at go and its Jacobian at 
the same point can be easily computed in terms of Ai and A2. 

2 A new series expansion 

Let us recall a result from [18] (extending [?]) and derive from it the subse- 
quent theorem. 

Proposition 2.1. Let f be a regular function on a symmetric slice domain 
Q. A point qo E Q is a zero of f if and only if there exists a regular function 
g : Q ^ M such that f{q) = (g — go) * dil)- 

Theorem 2.2. Let f be a regular function on a symmetric slice domain Q. 
For each go G fl, let us denote as Rg^f : — )■ H the function such that 

f{q) = f{qo) + {q-qo)*Rgofi<i)- 

If qo = ^0 + lyo for Xo, ?/o G M and for some / G §, then 

f{q) = /(go) + (g - qo)R,J{qo) + [(g - ^^o)' + yl]Rg,RgJ{q). 
for all q eVL. 

Proof. The existence of a regular Rq^f : f2 — EI such that 

/(g) = /(go) + (g-go)*i?,o/(g)- 

is granted by the previous proposition, since / — /(go) is a regular function 
on VL vanishing at go- Applying the same procedure to Rq^f at the point go 
yields 

/(g) = /(go) + (g - go) * [RqJ\qo) + (g - go) * RqoRqofiq)] = 
= /(go) + (g - qo)RqJ{%) + [(g - x^f + yl]Rq^Rqj{q) 

where we have taken into account that 

(g-go)*(g-go) = g^-g(go+go)+gogo = q^ -q2xQ+xl+yl = {q-xof+yl. 

□ 
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If we repeatedly apply the previous theorem, we get the formal expansion 

fW) = f{qo) + {q- qo) RqJ{%) + 

+ [(? - xof + yl] [RggRqJiqo) + {q- go)^go^go^<7o/(^o)] + • • • + 

+ [{q - xof + y'oT mMViqo) + {q- ?o)i?,o(^.-o^.o)"/(^o)] + • • • 

where {Rq^Rq^Y denotes the nth iterate of Rq^Rgg. If = {RqoRqoY f {qo) 
and A2n+i — Rqo{RqoRqoY f {%) for all n e N, our new formal expansion 
reads as 

f{q) = Y,Pn{q)An (12) 

neN 

where P2n(g) = [(? - x^f + yg]" and P2n+i(g) = [{q - x^f + ylf{q - qo) for 
all n eN. Let us study the sets of convergence of function series of this type. 

Lemma 2.3. Let G R, yo > 0, g e H and let r > be such that \{q — 
XoT + Vol — ''^'^ ■ U qo — Xq + lyo for some / e § then 



r"^ + yl-yo< \q- qo\ < \Jr'^ + vl + vo 



Proof. If r = 0, i.e. q E xq -\- yS, then clearly < |g — go| < 2yo- Else 
q ^ Xq -\- yS and 

\{q-xof + yl\ = \q - qo\\{q - qa)~^q{q - qa) -qo\ = \q-qo\\q-qo\ 

where qo = {q- qo)%{q - qo)~^ e + yoS. If \q - go| > \/r'^ + yl + yo then 

\q-%\ > \q - qo\ - \qo - qo\ > k - gol - 2yo > \Jr^ + y^ - yo 

so that 

1/ \2i2l I II -1^2,2 2 2 

a contradiction with the hypothesis. A similar reasoning excludes that \q — 
qo\ < A/r2 + y2 - yo. □ 

Proposition 2.4. Let {anjnen C EI and suppose 

limsup|a„|^/" = (13) 

/or some R > 0. Let qo = xq + lyo G H w^/i xq G M, yo > 0, / G S anc? set 
P2n{q) = [{q - xoY + yo]" and P2n+i{q) = [{q - xof + yo]"(g - qo) for all 
n G N. Then the function series 

Y,Pn{q)an (14) 



converges absolutely and uniformly on compact sets in 

U{xo + i?) = {g G e : |(g - xof + y'o\ < R^}, (15) 

where it defines a regular function. Furthermore, the series f[T^ diverges at 
every g G H \ U{xo + yoE>, R) . 

Proof. If i^' is a compact subset of U{xo + yoS, R) then there exists r < R 
such that |(g — XqY + yl\ < for all q E K. Thus, for all q E K 

\P2n{q)a2n\ = I " a;o)^ + I/q I" I «2n | < r'^"'\a2n\ 

while (thanks to the previous lemma) 

|An+i(g)a2n+i| = \iq - XoY + yo^lq - qo\\a2n+i\ < 



<^2n ^^^2^y2^y^ J 

Hence (IT^ is dominated on by a number series X^neN '^n with 

limsup \cn\^^'' = r/R < 1. 

n—>+oo 

This guarantees absolute and uniform convergence of f[T^ in K. This, in 
turn, proves the regularity of the sum (since all the addends in f[T^ are 
regular polynomials). 

Finally, if g G H \ U{xo + yoE>,R) then |(g — xq)^ + ?/ol — ^'^ some 
r > R. Reasoning as before, we get |P2n('?)fl2n| > '''^"|o2n| and 



|P2n.+i(g)a2n+i| > r {^^J v"^ + y^ - yoj |a2„+i|. 

Thus, ^„gi^ -Pn(g)<in dominates a number series XlneN^n with 

limsup|C„|^/" = r/i?> 1 



n— >+oo 



and it must diverge. □ 

Let us now describe the sets U{xo + yoS, R). The intersection between the 
hypersurface \{q — Xq)'^ + y^l = R^ and any complex plane Lj is a polynomial 
lemniscate, connected for R > yo and having two connected components for 
R < yo. If I/O 7^ then at the critical value R = yo the lemniscate is of 
figure-eight type. Some examples are portrayed in figure 1. 
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Figure 1: Examples of U{Ei,R), intersected with a plane Lj, for different 
values of R. 

Remark 2.5. For R > yo the set U{xo + ?/oS, -R) is a symmetric slice do- 
main; for < R < yo the set U{xo + yo^, R) is a symmetric domain whose 
intersection with any complex plane Lj has two connected components. 

So far, we have introduced the formal expansion (fT2l) . and we have studied 
what its set of convergence would be if estimates for the coefficients An were 
provided. In the next section, we will search exactly for such estimates by 
means of Cauchy-type integral representations. 

3 Integral formulas and Cauchy estimates 

Let us recall the "slicewise" Cauchy integral formula proven in pLlj. We 
first introduce some notations. Suppose 7/ : [0, 1] — )■ L/ to be a rectifiable 
curve whose support lies in a complex plane Lj for some / G §, let F/ be 
a neighborhood of 7/ in Lj and let /, (7 : F/ — )■ H be continuous functions. 
If J G S is such that J I then Lj + LjJ = M. = Lj + JLj and there 
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exist continuous functions F, G, H, K : Tj ^ Lj such that f = F + GJ and 
g = H + JK in Tj. Then 

g{s)dsf{s) := I H{s)dsF{s)+ j H{s)dsG{s)J+ 



+J / K{s)dsF{s) + J K{s)dsG{s)J. 

The aforementioned Cauchy-type formula reads as follows. 

Lemma 3.1. Let f be a regular function on a symmetric slice domain Q, let 
/ e S and let Uj be a bounded Jordan domain in Lj, with Uj C Qj. If dUj 
is rectifiable then 

I C ds 



= — / -^/(^) (16) 

for all z E Uj. 



2vr/ JdUj s- z" 



The previous lemma was the basis for the proof of a more complete 
Cauchy formula in [2]. It will now provide a new integral representation 
and lead us to the desired estimates for the coefficients An in the formal 
expansion f[T^ . 

Theorem 3.2. Let f be a regular function on a symmetric slice domain Q, 
let I E S and let Uj be a symmetric bounded Jordan domain in Lj, with 
Uj G Qi. If dUj is rectifiable then for each zq = xq + lyo G Uj and for all 
zeUi 

m ^ /(.„) + (. - .„) . ^ l_ (IT) 

Furthermore, 

for all n eN and all z E Uj. 

Proof. The previous lemma is equivalent to flTSl) in the special case n = 0. 
That immediately implies 

R,J{z) = {z-zo)-'[f{z)-f{zo)] = 
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1 



1 



27r/ JdUj z- zq 
1 



1 



27rJ 



S — Z S — Zq 

ds 



dsf{s) 



f{s) 



that is fll9p in the special case n = 0. This last equality, in turn, implies 
f|T7|) . Moreover, 



RzJ{zo) 



ds 



27^^ JdUi {s - XqY + yl 



fis) 



and 



R,,R,J{z) = {z- zo)-'[R,J{z) - R^Jizo) 



1 



27r/ Jqitj z- zo 
1 



1 



(s - 2) (s - 2:0) (s - xo)2 + yo 
1 s - ^0 - (s - ^) , X 



dsf{s) 



27r/ iac/, 2; - 2;o (s - - Xo)^ + y^] 
If ds 



2nl JauA'-^)[i'-^o? + yi]^^'^' 

that is f|T8l) with n = 1. An analogous reasoning proves that if f|T8|) holds for 
n = k, then flTIJl) holds for n = k, which in turn implies flTSl) for n = + 1 
completing the proof. □ 

We are now in a position to get the desired estimates for the coefficients 
An in the formal expansion fll2p . 

Corollary 3.3. Let f be a regular function on a symmetric slice domain 
fl, let xq + yoS C Q and let qo G Xq + yoE>. Set A^n = {RgoRgo)"'f{%) 
^2n+i = Rqo{RqoRqoT f {%) ■ For cvcry U = U{xo + yoS, R) such that U dVl, 
there exists a constant C > such that 



\AJ < C 



maxac; |/| 



(20) 



for all n G N. 

Proof. If we choose U = U (xq + yo^j R) then the previous theorem implies 

If ds 



liRM^fiqo) 
1 



2vr/ Jaui (s - zo)[{s - xq^ + y^]' 



< 



< 



27T 



\fis)\ 



aui 



R' + yl-yo)R' 



-d\s\ < C 



niaxg^ I/I 

Jl2n 



12 



if we set C 



length{dU i) 



-yl-yo] 



On the other hand 



1 

< 



ds 



27r Ljj^ i?2n+2 



< 



i?2 



:n+l 



where K 



length{dU i) 
2^ 



< c. 



□ 



4 A new notion of analyticity 

We are now ready to prove the desired result concerning the expansion of 
slice regular functions. 

Theorem 4.1. Let f he a regular function on a symmetric slice domain VL, 
and let xo,yo G M and R > be such that U{xo + yoE>,R) C Q. For all 
qo e xo + yoS, setting A^n = {Rq^Rq^Y f {qo) and A^n+i = RqaiRq^Rq^T f {qo) , 
we have that 

fiq) = - ^o)' + ^o]"[^2„ + {q- go)A2„+i] (21) 

neN 

for all q E U {xq + yoS, R) . 

Proof. Thanks to proposition 12.41 and to corollary 13.31 the function series in 
equation fl2T|) converges in U = U{xo + yoEi,R), where it defines a regular 
function. Let us consider the difference 

9{q) = fiq) - J2^iq - ^of + yoTlAn + (g - go)^n+i]. 

By construction, g{q) = [(g — Xq)^ + l/o]"(-R5o-^go)"/(5') ^^r all ri G N. For any 
choice of / G S and for all z E Uj, we derive that 

gi{z) = [{z - xof + ylnRq,RqXfi{z) = [z - (xq + lyoThf^z) 

where h'^P\z) = [z — [xq — Iyo)]^{RqgRqQ)^fi{z) is holomorphic in Uj. The 
identity principle for holomorphic functions of one complex variable implies 
that gi = 0. Since I can be arbitrarily chosen in S, the function g must be 
identically zero in U. This is equivalent to equation (12T|) . □ 
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Definition 4.2. Let f be a regular function on a symmetric slice domain 
Q. We say that f is symmetrically analytic if it admits at any qq E Q an 
expansion of type (|T2|) valid in a neighborhood of q^. 

The previous theorem, along with proposition 12.4^ proves what follows. 

Corollary 4.3. Let Q be a symmetric slice domain. A function f : Q ^ M 
is regular if, and only if, it is symmetrically analytic. 

We conclude this section reformulating expansion fl2T|) as follows, thanks 
to theorem 11.101 

Corollary 4.4. Let f be a regular function on a symmetric slice domain fl, 
and let xo, yo and R > be such that U{xq + yoE>, R) C Q. Then, for all 
q E U{xo + yoS,R) 

f{q) = E[(^ - ^o)' + yoT[C2n + qC2n+l] (22) 
where the coefficients Cn depend only on f,XQ,yQ and can be computed as 

C2n = {q2 - qiV \qi{RM''f{qi) ' ^RM"" f iq^)] , (23) 
C2n+i = (g2 - qi)-' [{RMyiq2) - (RMViqi)] 

for all go, qi,q2&xo + yoS with gi 7^ g2- 

We notice that the odd-indexed coefficients in expansions (1^ and fl22]) 
coincide. 

5 Computing multiplicities of zeros 

As a first application of our new type of series expansions, let us look at its 
bearings in the computation of the multiplicities of the zeros. After the study 
of the roots of polynomials of [17j, the following result was proven for power 
series in [7] , and in the following form in [9] (for generalizations to other real 
alternative algebras, see [T31 fT^ ). 

Theorem 5.1 (Structure of the Zero Set). Let f be a regular function on a 
symmetric slice domain Q. If f does not vanish identically, then the zero set 
of f consists of isolated points or isolated 2-spheres of the form x + yE>. 

The following notion of multiplicity was introduced in [7] . 
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Definition 5.2. Let f be a regular function on a symmetric slice domain 
and let qq E Q. We define the (classical) multiplicity of go a zero of f 
and denote by m/(go) the largest n eN such that f{q) = (g — go)*" * g{<l) for 
some regular g : Q ^ M. 

In other words, mj(go) is the index n of the first non vanishing coefficient 
a„ in the expansion Despite its analogy with complex multiplicity, this 
notion of multiplicity is not completely satisfactory, since the sum of the 
classical multiplicities of the zeros of a polynomial is unrelated to its degree. 

Example 5.3. Let us choose / G S and let 



The zero set of P is {/}. If I ^ J then mp{I) = 1, while f has degree 2. 

For this reason [12] introduced alternative notions of multiplicity for the 
roots of regular polynomials. We present them as generalized in ^B] to all 
regular functions on symmetric slice domains. 

Theorem 5.5. Let f be a regular function on a symmetric slice domain fl, 
suppose / ^ and let x + yEi G Q. There exist m G N and a regular function 
/ : n — 7- HI not identically zero in x + yS such that 



If f has a zero pi G x + yS then such a zero is unique and there exist n gN, 
P2, ■■■,Pn & X + yS (with Pi 7^ pj+i for all i E {I, . . . ,n — 1}) such that 



for some regular function g : which does not have zeros in x + yS. 

Definition 5.6. In the situation of Theorem \5.5l we say that f has spherical 
multiplicity 2m at x + yEi and that f has isolated multiplicity n at pi. 

As observed in [12], the degree of a polynomial equals the sum of the 
spherical multiplicities and of the isolated multiplicities of its zeros. For 
instance: in the previous example, g^ + 1 has spherical multiplicity 2 at S; 
(g — /) * (g — J) (with / 7^ — J) has spherical multiplicity at S and isolated 
multiplicity 2 at /. 

Our new series expansion allows an immediate computation of the spher- 
ical multiplicity and it gives some information on the isolated multiplicity. 




f{q) = [{q-xy + yYf{q). 



(24) 



/(?) = {q- Pi) * (g - P2) * ••• * (g - Pn) * g{q) 



(25) 
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Remark 5.7. Let f be a regular function on a symmetric slice domain and 
let qq = xq + Ii/Q E Q. If A^n or A2n+i is the first non vanishing coefficient 
in the expansion (1211) then 2n is the spherical multiplicity of f at xq + yoS. 
Moreover, qo has positive isolated multiplicity if and only if = 0. 

Remark 5.8. Let f be a regular function on a symmetric slice domain Q 
and let xq + yoS> G Q. If the first non vanishing coefficient in the expansion 
(122|) is C2n or C2n+i is then 2n is the spherical multiplicity of f at Xq + ?/oS. 
Moreover, there exists a point with positive isolated multiplicity in Xq + yoS 
if and only if C2n+iC2n e xq + yo^- 

6 Differentiating regular functions 

In section m we proved that a regular function / on a symmetric slice domain 
Q admits an expansion of the form 

fiq) = - ^O)' + ^0]"[^2n + {q- go)^2n+l] 

neN 

at each go ^ ^- This new expansion allows the computation of the real 
partial derivatives of /. 

Theorem 6.1. Let f be a regular function on a symmetric slice domain Q, 
and let qo = xq + lyo G fl. For all v E M.,\v\ = 1 the derivative of f along v 
can be computed at go o,s 

f{qo + tv) - /(go) , , . 

lim ■ = vAi + [qov - vqo)A2 (26) 

t-^0 t 

where Ai = RgJ{qo),A2 = Rg^RgJiqa). In particular if 60,61,62,63 G H 
form a basis for M and if xo,xi,X2,X3 denote the corresponding coordinates, 
then 

df _ _ 

— (go) = eiRgJ{qo) + (goe^ - e,qo)Rq^RqJ{qo) (27) 
Proof. We observe that 

(g - Xof + yl = {q- go) * (g - go) = q{q - Qo) - {q - qo)% 
and for q = qo + tv 

(g - Xof + yl = {qo + tv)tv - tvqo = t{tv'^ + qoV - vqo) 
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whence 



/(go + tv) = + qov - t;go)"[^2n + tvA2n+i]. 



Hence, 



/(go + tv) - /(go) = tAi + t{tv^ + qoV - vqo)[A2 + tvA^] + o{t) 



and the thesis immediately follows. 



□ 



We notice that similar reasonings allow the computation of higher order 
derivatives. Furthermore, we make the following observation. 

Remark 6.2. Let f be a regular function on a symmetric slice domain Q 
and let go eQ. If v lies in the same Lj as go, then v commutes with go and 



vRqofiqo) + (qoV - vqo)RqoRgof{qo) = v[RqJ{qo) + (go - qo)RqoRqofi.%)\ = 



On the other hand, if qo = xq + lyo with yo ^ and v is tangent to the 
2-sphere xq + yoS at go, then q^v = vqo and 



As a consequence, the notions of derivatives of regular functions already 
introduced in literature can be recovered as special cases of formula fl2Bl) . 
Indeed, Rg^f^qo) coincides with dcf{qo), where dcf denotes the Cullen (or 
slice) derivative of /, defined in |TT] to equal 



at each point x + ly E Qj. On the other hand, i?gg/(go) equals , where 

dsf denotes the spherical derivative of /, defined in [13] setting 



We conclude by looking at the implications of our result in complex co- 
ordinates. In the hypotheses of the previous theorem, let us choose J G S so 
that go G Lj, choose J G S with I ± J and set Cq = 1, Ci = J, 62 = J, 63 = 
IJ. Then H = (M + JM) + (M + JM) J can be identified with setting 
zi = Xq + Ixi, Z2 = X2 + Ixs, zi = Xq — Ixi, Z2 = X2 — IX3] we may as well 
split f = fi + f2J for some /i, /2 : Lj. 



v[RqJ{qo) + Rqofiqo) - Rqofi(lo)] = ^ RqJ {qo) ■ 



vRqofiqo) + {qov - vqo)RqoRqofi(io) = vRqJ{qo). 




dsf{qo) = \lm{q,r\f{q,)-f{q,)). 
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Theorem 6.3. Let Vt he a symmetric slice domain, let f : ^ M be a 
regular function and let E Q. Chosen I , J E E> so that qq G Lj and 
I -L J, let zi, Z2, zi, Z2 be the induced coordinates and let 9i,92,9i,92 be the 
corresponding derivations. Then 



difi djfi 
dif2 ^2/2 



qo 








(2^ 



Furthermore, if Rg^f splits as Rq^f = Ri + R2J with Ri,R2 ranging in Lj 
then 

difi 82 f I 



dif2 ^2/2 



qo 



Ri{qo) - ^2 (go 
^2 (go) Ri{qo 



(29) 



Proof. Setting cq = 1, ei = J, 62 = J, 63 = IJ and denoting xq, xi, X2, X3 the 
corresponding real coordinates, the derivations 9i, (92, (9i, ^2 are defined by 



2 \dxo dxi J 2 \dxQ dxi 



2 \dx2 dxs J 2 \dx2 dx. 

By means of the previous proposition, we compute 

df 



dxo 
df 



(go) = Rqofiio) = Ri{qo) + R2iqo)J, 



dxi 

df 



(go) = IRqJ{qo) = IRi{qo) + /i?2(go) J, 



dx-. 



(go) = JRqJiqo) + (qoJ - Jqo)RqoRqJ{.qo) = JRqJ{.qo) 



= J{Ri{qo) + R2{%)J) = -^2(go) + ^i(go)^, 

df 



dx; 



-(go) = KRqJiqo) + {q,K - Kqo)RqoRqofiqo) = KRqJ{qo) 



= IJ{Ri{qo) + R2{qo)J) = -/i?2(go) + IRi{qo)J, 

where we have taken into account that Jz = zJ for all z E Lj. The thesis 
follows by direct computation. □ 

Equation (1251) tells us that fixing go and choosing appropriate complex 
coordinates on H, / is complex differentiable at go; equation (12^ then allows 
to compute the complex Jacobian of / at go- These tools open the possibility 
of using complex variables in the study of slice regular functions. We also 
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point out that in the special case where gfo £ 1^ the complex Jacobian has 
the form 

f a -b\ 
\b a J' 

which implies lim/j^o h~^[f{qo + h) — f{qo)] = a + bJ and proves what follows. 

Corollary 6.4. Let Q be a symmetric slice domain. If f : Q ^ M. is a 
regular function then it is left q-differentiable at each Qq e Q fl where 
limh^oh-^[f{qo + h) - /(go)] = RqJiqo) = dcf{qo). 
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